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Abstract. We overcome a major obstacle in mathematical optimization.
In so doing, we provide a smooth solution to the HJB PDE without assuming
the smoothness of the value function. We apply our method to financial
models.
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1 Introduction
A major obstacle in dynamic optimization is that the value function may
not be differentiable (smooth). Actually, it is expected not to be smooth.
Consequently, a smooth solution to the Hamilton-Jacobi-Bellman partial dif-
ferential equation (HJB PDE) may not be exist. It is not surprising that a
verification result exists only for a few functional forms. In response, weak
solutions such as viscosity solutions were introduced (see, for example, Cran-
dall and Lyon (1983), Hata and Sheu (2012) and Gru¨ne and Picarelli (2015),
among many others).
In this paper, we overcome this obstacle in dynamic optimization. In
doing so, we present a simple method that relaxes the assumption of the
differentiability (smoothness) of the value function. That is, we generally
establish the existence and the uniqueness of a strong (smooth) solution
without the differentiability assumption.
We apply our method to three dominant models in finance (the portfolio
model, the consumption-portfolio model, and the stochastic-factor model).
However, the extension to other areas is straightforward.
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2 The method
In this paper, we use the standard technical assumptions (except for the
smoothness assumption). We first apply our method to the baseline portfolio
model (see, for example, Cvitanic and Zapatero (20004)). The risk-free asset
price process is given by S0 = ers, where r is the risk-free rate of return. The
dynamics of the risky asset price are given by
dSs = Ss (µds+ σdWs) , (1)
where µ and σ are the rate of return and the volatility, respectively; Ws
is a Brownian motion defined on the probability space (Ω,F ,Fs, P ) , where
{Fs}t≤s≤T is the augmentation of filtration.
The wealth process is given by
XpiT = x+
T∫
t
{rXpis + (µ− r)πs} ds+
T∫
t
πsσdWs, (2)
where x is the initial wealth, {πs,Fs}t≤s≤T is the portfolio process, and
E
T∫
t
π2sds <∞. The trading strategy πs ∈ A (x) is admissible.
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The investor maximizes the expected utility of the terminal wealth
V (t, x) = Sup
pi
E [U (XpiT ) | Ft] ,
where V (.) is the value function, U (.) is a continuous, bounded and strictly
concave utility function. It is well known that if V (t, x) ∈ C1,2 ([0, T ] , R), it
satisfies (in the classical sense) the HJB PDE
Vt + rxVx + Sup
pi
{
πt (µ− r) Vx +
1
2
π2tσ
2Vxx
}
= 0;V (T, x) = U (x) ,
where the subscripts of V denote partial derivatives. Therefore, the optimal
portfolio is given by
π∗t = −
(µ− r)Vx
σ2Vxx
.
We define h ≡ t + α, i ≡ x + β, and dβ = ϕ − 0 = ϕ, where α and
β are (deterministic) shift parameters, each with an initial value equal to
zero (see, for example, Dalal (1990) and Alghalith (2008)); so that V (t, x) =
V (t+ α, x+ β) ≡ V (h, i) . Evidently, by construction, V is continuously
differentiable w.r.t. each shift parameter, since any function can be shifted
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(graphically the derivative is depicted as a small horizontal shift of the graph
of the function; thus the derivative exists); and hence it is continuously
differentiable w.r.t. h and i), even if it is non-differentiable w.r.t. x or t (see
Appendix 1).
In the following proof (and the extensions), we use the standard technical
assumptions.
Theorem: The value function V (h, i) satisfies (in the classical sense)
this HJB PDE
Vh + (rtx+ ϕ) Vi + Sup
pit
{
πt (µt − rt) Vi +
1
2
π2tσ
2
tVii
}
= 0, V (T, x) = U (x) .
PROOF. Define the function V¯ (h, i) as
V¯ (h, i) ≡ V¯ (t, x) = E [U (Xpi (T )) /Ft] .
Applying Ito’s rule to V¯ (h, i) , we obtain (suppressing the notations)
dV¯ = V¯hdh+ V¯idi+
1
2
(di)2 V¯ii = V¯hdh+ V¯i [dx+ dβ] +
1
2
(dx)2 V¯ii =
5
[
V¯h + V¯i (π (µ− r) + rX
pi + ϕ) +
1
2
V¯iiπ
2σ2
]
dt+ V¯iπσdW.
Integrating the previous equation yields
V¯ (T,Xpi (T )) = U (Xpi (T )) = V¯ (t, x) +
T∫
t
(
V¯h + V¯i (π (µ− r) + rX
pi + ϕ) +
1
2
V¯iiπ
2σ2
)
ds+
T∫
t
V¯iπσdW (s) .
Taking expectation expectations on both sides yields
V¯ (t, x) = E [U (Xpi (T )) /Ft]−
E


T∫
t
(
V¯h + V¯i (π (µ− r) + rX
pi + ϕ) +
1
2
V¯iiπ
2σ2
)
ds/Ft

 ,
since E
[
T∫
t
V¯iπσdW (s) /Ft
]
= 0. The above equation implies that for any
value of πt
V¯h + (πt (µt − rt) + rtX
pi + ϕ) V¯i +
1
2
π2tσ
2
t V¯ii = 0. (3)
Now, by definition
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V (h, i) ≡ V (t, x) = Sup
pi
V¯ (t, x; π) ,
and thus (3) holds for the optimal portfolio π∗t
Vh + (rx+ ϕ) Vi + Sup
pit
{
π (µ− r)Vi +
1
2
π2σ2Vii
}
= 0, V (T, x) = U (x) , .
We also note that integrating over [0, x] and [0, t] will yield the original value
function V (t, x) as the solution. The optimal portfolio is given by
π∗t = −
(µ− r) Vi (t, x)
σ2Vii (t, x)
.
3 Extensions
3.1 The portfolio and consumption
If a part of the wealth can be consumed by the investor (see Hata and sheu
(2012) and Trybola (2015), among others), the wealth process is given by
Xpi,cT = x+
T∫
t
{rXpi,cs + (µ− r)πs − cs} ds+
T∫
t
πsσdWs, (4)
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where {cs,Fs}
t≤s≤T
is the consumption rate process, with E
T∫
t
π2sds < ∞ ,
E
T∫
t
csds <∞ and cs ≥ 0. The strategy (πs, cs) ∈ A (x) is admissible.
The investor maximizes the expected utility of the terminal wealth and
consumption
V (t, x) = Sup
pi,c
E

U1 (Xpi,cT ) +
T∫
t
U2 (cs) ds | Ft

 , (5)
If it is smooth, the value function satisfies this HJB PDE
Vt + rxVx+
Sup
pit,ct
{
1
2
π2tσ
2Vxx + [πt (µ− r)− ct]Vx + U2 (ct)
}
= 0,
V (T, x) = U (x) .
Following the previous procedure in Section 2, we can show that the value
function satisfies (in a classical sense)
Vh + rxVi+
Sup
pit,ct
{
1
2
π2tσ
2Vii + [πt (µ− r)− ct]Vi + U2 (g)
}
= 0,
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where g ≡ c∗t + γ, and γ is a shift parameter with an initial value equal to
zero; while i and h are defined as before. Therefore the optimal solutions are
π∗t = −
(µ− r)Vi
σ2Vii
,
U ′2 (g) = Vi (h, i) .
3.2 The portfolio with a (stochastic) economic factor
The stochastic factor model assumes that the rate of return and volatility are
functions of a stochastic economic factor (see, for example, Alghalith (2009)
and Trybola (2015)). This implies a two-dimensional standard Brownian
motion {(W 1s ,W
2
s ) ,Fs}t≤s≤T defined on the probability space (Ω,F ,Fs, P ).
The risk-free asset price process is S0 = ers, where r is the rate of return and
Ys is the economic factor.
The risky asset price process is given by
dSs = Ss
{
µ (Ys) ds+ σ (Ys) dW
1
s
}
, (6)
where µ (Ys) and σ (Ys) ∈ C
2
b (R) are the rate of return and the volatility,
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respectively. The economic factor process is given by
dYs = b (Ys) ds+ ρdW
1
s +
√
1− ρ2dW (2)s , Yt ≡ y, (7)
where |ρ| < 1 is the correlation factor between the two Brownian motions
and b (Ys) ∈ C
1 (R).
The wealth process is given by
XpiT = x+
T∫
t
{rXpis + [µ (Ys)− r] πs} ds+
T∫
t
πsσ (Ys) dW
1
s . (8)
The investor maximizes the expected utility of the terminal wealth
V (t, x, y) = Sup
pi
E [U (Xpi) | Ft] .
If it is smooth, the value function satisfies this Hamilton-Jacobi-Bellman
PDE
Vt + rxVx + b (y)Vy +
1
2
Vyy+
Sup
pit
{
1
2
π2tσ
2 (y)Vxx + [πt (µ (y)− r)]Vx + ρσ (y)πtVxy
}
= 0,
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V (T, x, y) = U (x) . (9)
Using the previous procedure, we can show that the value function satisfies
(in a classical sense) this HJB PDE
Vh + rxVi + b (y)Vj +
1
2
Vjj+
Sup
pit
{
1
2
π2tσ
2 (y)Vii + [πt (µ (y)− r)]Vi + ρσ (y)πtVij
}
= 0,
V (T, x, y) = U (x) , (10)
where j ≡ y+ ζ and ζ is a shift parameter with an initial value equal to zero
(dζ = ψ). Hence, the optimal portfolio is
π∗t = −
[µ (y)− r]Vi
σ2 (y)Vii
−
ρVij
σ (y)Vii
.
Appendix 1. Proof of the differentiability
Differentiability with respect to the shift parameter (as opposed to a
variable) stems from the fact that the change in the shift parameter is a
constant (graphically, this is evidenced by a horizontal shift of the function).
As before, V (t+ α, x+ β) ≡ V (h, i) , and let dα = ǫ−0 = ǫ, dβ = ϕ−0 = ϕ
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(since the initial values are zero), where ǫ and ϕ are small non-zero constants.
Consider this derivative
∂V (h, i)
∂i
| △x=0 = lim
△i−→0
V (h, i+△i)− V (h, i)
△i
|△x=0
= lim
△i−→0
V (h, i+△x+△β)− V (h, i)
△x+△β
|△x=0= lim
△i−→0
V (h, i+△x+ ϕ)− V (h, i)
△x+ ϕ
|△x=0
=
V (h, i+ ϕ)− V (h, i)
ϕ
.
By the continuity and boundedness of V, and the fact that ϕ 6= 0, the deriva-
tive exists. Since x and β are independent ( dx
dβ
= 0), ∂V (h,i)
∂i
|△x=0=
∂V (h,i)
∂i
≡
Vi. Similarly,
∂V (h,i)
∂h
|△t=0=
∂V (h,i)
∂h
≡ Vh, since
dt
dα
= 0.
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